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CHARACTERIZATIONS OF THE BMO AND LIPSCHITZ SPACES VIA
COMMUTATORS ON WEAK LEBESGUE AND MORREY SPACES
DINGHUAI WANG, JIANG ZHOU∗ AND WENYI CHEN
Abstract. We prove that the weak Morrey space WMpq is contained in the Morrey
space Mpq1 for 1 ≤ q1 < q ≤ p < ∞. As applications, we show that if the commutator
[b, T ] is bounded from Lp to Lp,∞ for some p ∈ (1,∞), then b ∈ BMO, where T is a
Caldero´n-Zygmund operator. Also, for 1 < p ≤ q < ∞, b ∈ BMO if and only if [b, T ] is
bounded from Mpq to WM
p
q . For b belonging to Lipschitz class, we obtain similar results.
1. Introduction
Let T be a Caldero´n-Zygmund operator defined by
Tf(x) = p.v.
∫
Rn
K(x− y)f(y)dy,
where the kernel K(x) = Ω(x)|x|n satisfies the following conditions:
(i) Ω is homogeneous of degree zero on Rn, i.e., Ω(λx) = Ω(x) for all λ > 0 and
x ∈ Rn;
(ii) Ω ∈ C∞(Sn−1) and ∫
Sn−1
Ω(x)dx = 0.
A locally integrable function b belongs to the BMO space if b satisfies
‖b‖∗ := sup
Q
1
|Q|
∫
Q
|b(x)− bQ|dx <∞,
where bQ :=
1
|Q|
∫
Q
b(x)dx and the supremum is taken over all cubes Q in Rn. A well
known result of Coifman, Rochberg and Weiss [2] states that the commutator
[b, T ](f) := bT (f)− T (bf)
is bounded on some Lp, 1 < p < ∞, if and only if b ∈ BMO. An interesting question is
raised. Is b in BMO if [b, T ] is of weak type (p, p) for some p ∈ (1,∞)? We will give an
affirmative answer in this paper.
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2For 1 ≤ q ≤ p <∞, we say that a function f belongs to Morrey space Mpq if
‖f‖Mpq := sup
x∈Rn,r>0
1
|Q(x, r)|1/q−1/p
(∫
Q(x,r)
|f(y)|qdy
)1/q
<∞;
a function f belongs to weak Morrey space WMpq if
‖f‖WMpq := sup
x∈Rn,r>0
1
|Q(x, r)|1/q−1/p supλ>0
(
λq|{y ∈ Q(x, r) : |f(y)| > λ}|
)1/q
<∞.
Morrey spaces describe local regularity more precisely than Lp spaces and can be seen as a
complement of Lp. In fact, Lp = Mpp ⊂Mpq andWMpp = Lp,∞ for 1 ≤ q ≤ p <∞. In 1997,
Ding [4] showed that b is in BMO if and only if the commutator [b, T ] of Caldero´n-Zygmund
operator T is bounded on Morrey spaces. We will demonstrate here that b ∈ BMO if and
only if [b, T ] is weak bounded on Morrey spaces.
Another subject of this paper is to consider the characterizations of Lipschitz functions
via commutators. For 0 < α < 1, the Lipschitz space Lipα is the set of functions f such
that
‖f‖Lipα := sup
x,h∈Rn
h6=0
|f(x+ h)− f(x)|
|h|α <∞.
In 1978, Janson [5] proved that, for 1 < p < q < ∞ with 1/q = 1/p − α/n, b ∈ Lipα
if and only if [b, T ] is bounded from Lp to Lq. In 1995, using Sobolev-Besov embedding,
Paluszyn´ski [8] obtained that, for 1 < p <∞ and 0 < α < 1, b ∈ Lipα if and only if [b, T ]
is bounded from Lp to the homogeneous Triebel-Lizorkin spaces F˙ α,∞p . Paluszyn´ski’s idea
was novel for the study about the boundedness of commutators from Lp to F˙ α,∞p and shed
new light on the characterization of Lipschitz space via commutators. Recently, Shi and
Lu [10] showed that, for 1 < q ≤ p < ∞, 1 < t ≤ s < ∞, 1
s
= 1
p
− α
n
and 1
t
= 1
q
− α
n
,
b ∈ Lipα if and only if [b, T ] is bounded from Mpq to Mst . We are going to show that, for
1 ≤ p < q < ∞ with 1/q = 1/p− α/n, b ∈ Lipα if and only if [b, T ] is bounded from Lp
to Lq,∞. Also, for 1 ≤ q ≤ p <∞, 1 < t ≤ s <∞, 1
s
= 1
p
− α
n
and 1
t
= 1
q
− α
n
, b ∈ Lipα if
and only if [b, T ] is bounded from Mpq to WM
s
t .
Throughout this paper, the letter C denotes constants which are independent of main
variables and may change from one occurrence to another.
2. Characterization of BMO space via commutators
In this section, we characterize BMO space via the boundedness of commutator on
(weak) Lebesgue spaces or (weak) Morrey spaces. First of all, we compare with Morrey
spaces and weak Morrey spaces.
3It is clear that Mpq1 is contained in WM
p
q2 and ‖ · ‖WMpq2 ≤ C‖ · ‖Mpq1 if 1 ≤ q2 ≤ q1 ≤
p <∞. However, for 1 ≤ q1 < q2 ≤ p <∞, one has the reverse inequality as follows.
Theorem 2.1. If 1 ≤ q1 < q2 ≤ p < ∞, then WMpq2 ⊂ Mpq1 and ‖f‖Mpq1 ≤
2
(
q1
q2−q1
) 1
q2 ‖f‖WMpq2 .
Proof. Let f ∈ WMpq2 . Given a cube Q ⊂ Rn and λ > 0,
1
|Q|1/q2−1/p
(
λq2 |{x ∈ Q : |f(x)| > λ}|)1/q2 ≤ ‖f‖WMpq2 ;
that is,
|{x ∈ Q : |f(x)| > λ}| ≤ ‖f‖q2
WMpq2
|Q|1−q2/pλ−q2.
Choose
N = ‖f‖WMpq2 |Q|
−1/p
( q1
q2 − q1
)1/q2
.
Thus, ∫
Q
|f(x)|q1dx = q1
∫ ∞
0
λq1−1|{x ∈ Q : |f(x)| > λ}|dλ
≤ q1
∫ N
0
λq1−1|Q|dλ+ q1
∫ ∞
N
λq1−1‖f‖q2
WMpq2
|Q|1−q2/pλ−q2dλ
= |Q|N q1 + q1
q2 − q1‖f‖
q2
WMpq2
|Q|1−q2/pN q1−q2 ,
which gives (∫
Q
|f(y)|q1dy
)1/q1
≤ 2‖f‖WMpq2 |Q|
1/q1−1/p
( q1
q2 − q1
)1/q
.
Then
‖f‖Mpq1 ≤ 2
( q1
q2 − q1
)1/q2‖f‖WMpq2
and the lemma follows. 
Remark 2.1. For 1 ≤ q1 < q2 < p < ∞. Kozono and Yamazaki [7, Lemma 1.7] proved
that ‖f‖Mpq2 ≤ C‖f‖Lp,∞. The above Theorem 2.1 yields immediately
‖f‖Mpq1 ≤ C‖f‖WMpq2 ≤ C‖f‖Mpq2 ≤ C‖f‖WMpp = C‖f‖Lp,∞.
Now we return to our first subject.
Theorem 2.2. Let 1 < p <∞. The following statements are equivalent:
(1) b ∈ BMO;
(2) [b, T ] is a bounded operator from Lp to Lp;
4(3) [b, T ] is a bounded operator from Lp to Lp,∞.
Theorem 2.3. Let 1 < q ≤ p <∞. The following statements are equivalent:
(1) b ∈ BMO;
(2) [b, T ] is a bounded operator from Mpq to M
p
q ;
(3) [b, T ] is a bounded operator from Mpq to WM
p
q .
Proof of Theorem 2.2. The equivalence of (1) and (2) was proved in [3]. By the inequality
‖f‖Lp,∞ ≤ ‖f‖Lp, it is obvious that (2) implies (3).
To show (3)⇒ (1), we use Paluszyn´ski idea given in [8]. For z0 ∈ Rn\{0}, let δ = |z0|2√n
and Q(z0, δ) denote the open cube centered at z0 with side length 2δ. Then K(x)
−1 has
an absolutely convergent Fourier series
1
K(x)
=
∑
ame
i〈vm,x〉
with
∑ |am| < ∞, where the exact form of the vectors vm is unrelated. Then, we have
the expansion
1
K(x)
=
δ−n
K(δx)
= δ−n
∑
ame
i〈vm,δx〉 for |x− z0
δ
| < √n.
Given cubes Q = Q(x0, r) and Q
′ = Q(x0 − rz1, r), if x ∈ Q and y ∈ Q′, then∣∣∣x− y
r
− z0
δ
∣∣∣ ≤ ∣∣∣x− x0
r
∣∣∣ + ∣∣∣y − (x0 − rz0δ )
r
∣∣∣ < √n.
Let s(x) = sgn(
∫
Q′
(b(x)− b(y))dy). Then
1
|Q|
∫
Q
|b(x)− bQ′|dx
=
1
|Q|
1
|Q′|
∫
Q
∣∣∣∣
∫
Q′
(b(x)− b(y))dy
∣∣∣∣dx
=
1
|Q|2
∫
Q
∫
Q′
s(x)(b(x)− b(y))dydx
=
1
|Q|2
∫
Q
∫
Q′
s(x)(b(x)− b(y))r
nK(x− y)
K(x−y
r
)
dydx
=
1
|Q|
∫
Rn
∫
Rn
(b(x)− b(y))K(x− y)
∑
ame
i〈vm,δ x−yr 〉s(x)χQ(x)χQ′(y)dydx
=
1
|Q|
∑
am
∫
Rn
∫
Rn
(b(x)− b(y))K(x− y)ei〈vm, δr x〉s(x)χQ(x)e−i〈vm, δr y〉χQ′(y)dydx.
5Setting gm(y) = e
−i〈vm, δr y〉χQ′(y) and hm(x) = ei〈vm,
δ
r
x〉s(x)χQ(x), we have
1
|Q|
∫
Q
|b(x)− bQ′|dx = 1|Q|
∑
am
∫
Rn
∫
Rn
(b(x)− b(y))K(x− y)gm(y)hm(x)dydx
=
1
|Q|
∑
am
∫
Rn
[b, T ](gm)(x)hm(x)dx.
Choose q ∈ (1, p). By Remark 2.1,
1
|Q|
∫
Q
|b(x)− bQ|dx ≤ 2|Q|
∫
Q
|b(x)− bQ′ |dx
≤ C|Q|1/p
∑
|am|‖[b, T ](gm)‖Mpq
≤ C|Q|1/p
∑
|am|‖[b, T ](gm)‖Lp,∞
≤ C‖gm‖Lp|Q|1/p ‖[b, T ]‖Lp→Lp,∞
≤ C‖[b, T ]‖Lp→Lp,∞ ,
(2.1)
which yields b ∈ BMO and ‖b‖∗ ≤ C‖[b, T ]‖Lp→Lp,∞ . Hence, the proof of Theorem 2.2 is
completed. 
Proof of Theorem 2.3. We use a same argument as the proof of Theorem 2.2 except
choosing q1 ∈ (1, q) and replacing (2.1) by
1
|Q|
∫
Q
|b(x)− bQ|dx ≤ 2|Q|
∫
Q
|b(x)− bQ′|dx
≤ C|Q|1/p
∑
|am|‖[b, T ](gm)‖Mpq1
≤ C|Q|1/p
∑
|am|‖[b, T ](gm)‖WMpq
≤ C‖gm‖M
p
q
|Q|1/p ‖[b, T ]‖Mpq→WMpq
≤ C‖[b, T ]‖Mpq→WMpq .
Then b ∈ BMO and ‖b‖∗ ≤ C‖[b, T ]‖Mpq→WMpq . This completes the proof of Theorem
2.3. 
3. Characterization of Lipα via commutators
We give a lemma that can be used to prove a characterization of Lipschitz functions.
6Lemma 3.1. For 0 < α < 1 and 1 < q ≤ ∞,
‖b‖Lipα ≈ sup
Q
1
|Q|1+α/n
∫
Q
|b(x)− bQ|dx
≈


sup
Q
1
|Q|α/n
(
1
|Q|
∫
Q
|b(x)− bQ|qdx
)1/q
if 1 < q <∞
ess sup
Q
|b(x)− bQ|
|Q|α/n if q =∞
,
where the supremum is taken over all cubes Q ⊂ Rn and ≈ means equivalence.
Proof. The first equivalence can be found in [3, pages 14 and 38], and the second equiva-
lence can be found in [6]. 
The first result of this section is
Theorem 3.2. Let 0 < α < 1, 1 ≤ p < n
α
and 1/q = 1/p−α/n. The following statements
are equivalent:
(1) b ∈ Lipα;
(2) [b, T ] is a bounded operator from Lp to Lq,∞.
Proof. (1)⇒ (2): Let b ∈ Lipα. Then
∣∣[b, T ](f)(x)∣∣ =
∣∣∣∣
∫
Rn
(b(x)− b(y))f(y)K(x− y)dy
∣∣∣∣
≤ ‖b‖Lipα
∫
Rn
|f(y)|
|x− y|n−αdy
≤ ‖b‖LipαIα(|f |)(x),
(3.1)
which implies
‖[b, T ]f‖Lq,∞ ≤ ‖b‖Lipα‖Iα(|f |)‖Lq,∞ ≤ C‖b‖Lipα‖f‖Lp.
(2)⇒ (1): We follow the method in the proof of Theorem 2.2 except choosing q1 ∈ (1, q)
and replacing (2.1) by
1
|Q|
∫
Q
|b(x)− bQ|dx ≤ 2|Q|
∫
Q
|b(x)− bQ′ |dx
≤ C|Q|1/q
∑
|am|‖[b, T ](gm)‖Mqq1
≤ C|Q|1/q
∑
|am|‖[b, T ](gm)‖Lq,∞
7≤ C‖gm‖Lp|Q|1/q ‖[b, T ]‖Lp→Lq,∞
≤ C|Q|α/n‖[b, T ]‖Lp→Lq,∞ .
From Lemma 3.1 we conclude that b ∈ Lipα and ‖b‖Lipα ≤ C‖[b, T ]‖Lp→Lq,∞ . Hence, the
proof of Theorem 3.2 is completed. 
Using Theorem 3.2 and Janson’s result [5], we immediately have
Corollary 3.3. Let 0 < α < 1, 1 < p < n
α
and 1/q = 1/p−α/n. The following statements
are equivalent:
(1) b ∈ Lipα;
(2) [b, T ] is a bounded operator from Lp to Lq;
(3) [b, T ] is a bounded operator from Lp to Lq,∞.
We give two remarkable results about the boundedness of fractional integral operator
Iα on Morrey spaces, where Iα is defined by
Iαf(x) =
∫
Rn
f(y)
|x− y|n−αdy, x ∈ R
n and 0 < α < n.
Theorem 3.4. (Peetre [9]) Let 0 < α < n, 1 < q ≤ p < ∞ and 1 < t ≤ s < ∞. If
1
s
= 1
p
− α
n
and 1
t
= 1
q
− α
n
, then ‖Iαf‖Mst ≤ C‖f‖Mpq .
Theorem 3.5. (Adams [1]) Let 0 < α < n, 1 < q ≤ p < ∞ and 1 < l ≤ s < ∞. If
1
s
= 1
p
− α
n
and l
s
= q
p
, then ‖Iαf‖Ms
l
≤ C‖f‖Mpq .
We will use the above two theorems to show other characterizations of Lipschitz func-
tions.
Theorem 3.6. Let 0 < α < 1, 1 ≤ q ≤ p <∞, 1 < t ≤ s <∞, 1
s
= 1
p
− α
n
and 1
t
= 1
q
− α
n
.
The following statements are equivalent:
(1) b ∈ Lipα;
(2) [b, T ] is a bounded operator from Mpq to WM
s
t .
Theorem 3.7. Let 0 < α < 1, 1 < q ≤ p < ∞, 1 < t ≤ s < ∞, 1 < l ≤ s < ∞,
1
s
= 1
p
− α
n
, 1
t
= 1
q
− α
n
and l
s
= q
p
,. The following statements are equivalent:
(1) b ∈ Lipα;
(2) [b, T ] is a bounded operator from Mpq to M
s
l ;
(3) [b, T ] is a bounded operator from Mpq to M
s
t ;
(4) [b, T ] is a bounded operator from Mpq to WM
s
t .
8Proof of Theorem 3.6. (1)⇒ (2): For q > 1, Theorem 3.4 and (3.1) yield
‖[b, T ]f‖WMst ≤ ‖b‖Lipα‖Iα(|f |)‖WMst ≤ ‖b‖Lipα‖Iα(|f |)‖Mst ≤ C‖b‖Lipα‖f‖Mpq .
For q = 1, it follows from [11, Theorem 1.4] that
‖Iα(f)‖WMs
1
≤ C‖f‖Mpq ,
which gives
‖[b, T ]f‖WMs
1
≤ ‖b‖Lipα‖Iα(|f |)‖WMs1 ≤ C‖b‖Lipα‖f‖Mpq .
(2) ⇒ (1): A same argument as the proof of Theorem 2.2 except choosing q1 ∈ (1, t)
and replacing (2.1) by
1
|Q|
∫
Q
|b(x)− bQ|dx ≤ 2|Q|
∫
Q
|b(x)− bQ′|dx
≤ C|Q|1/s
∑
|am|‖[b, T ](gm)‖Msq1
≤ C|Q|1/s
∑
|am|‖[b, T ](gm)‖WMst
≤ C|Q|α/n‖[b, T ]‖Mpq→WMst .
implies b ∈ Lipα due to Lemma 3.1. 
Proof of Theorem 3.7. (1) ⇒ (2): It follows from (3.1) and Theorem 3.5 that [b, T ] is
bounded from Mpq to M
s
l .
(2)⇒ (3): Since 1
s
= 1
p
− α
n
, 1
t
= 1
q
− α
n
and l
s
= q
p
, we have
1
q
− 1
t
=
1
p
− 1
s
=
q
p
(1
q
− 1
l
)
≤ 1
q
− 1
l
,
and hence t ≤ l. Then ‖ · ‖Mst ≤ ‖ · ‖Msl .
It is obvious for (3)⇒ (4).
(4) ⇒ (1): By Theorem 3.6, we obtain b ∈ Lipα. Hence, the proof of Theorem 3.7 is
completed. 
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